Abstract-For a general class of nonlinear networks, explicit expressions for sensitivities of a response due to nonlinear elements are derived. These expressions are used to establish invariance relationships for the sums of sensitivities over different sets of parameters of two classes of nonlinear networks. It is indicated how these relationships can be used to establish the invariant nature of the sum of higher order sensitivities and a lower bound for the quadratic sensitivity index.
The use of these invariants in optimal synthesis (optimal in the sense that the multiparatieter sensitivity performance has been minimized) has been considered in [ll] , while its use in establishing lower bounds for the quadratic sensitivity index has been discussed in [6] , [lo] , and [12] . A g oo survey, along with a number.of d references on the subject of sensitivity, has appeared recently [13] .
No such invariant relations have been obtained for nonlinear networks. With the increasing use of nonlinear elements.in circuit design [14] , such invariant relationships for nonlinear networks should be useful in comp,uter-aided circuit design. In this paper we'establish sensitivity invariants for nonlinear networks, and these offer a promising means of determining lower bounds for quadratic sensitivity index. In Section II we establish formulas for sensitivities with respect to varjous parameters. In Section III sensitivity-invariant relationships are established for different combinations of responses and excitations. Sensitivities of response Manuscript received March 5, 1972 : revised July 17, 1972 . This paper is based on part of a D.Eng. dissertation submitted by C. Bhushan, under the supervision of M. N. S. Swamy where the prime denotes differentiation with respect to (fiGZIg), which is assumed to exist. The contribution to the right-hand side of (2) -2 cib * +G) --$ (216 *t&J).
*(6)
The first term in (6) gives the sensitivity component due to a~, while the second term gives that due to PG. Similarly, for a CCR described by v12 = aRfiR(bRi~)
it may be shown that the sensitivity components due to
If the corresponding branch in NA is defined by d @c(7) = ~cPc~~c'&vc> -J/C(T), dr 7 = (t -.$) (13) (YR and bR are, respectively,
and AbR x-(iR * +R) the first term on the right-hand side of (12) is zero. The second term on the right-hand side of (12) is
The second term in the above equation is set to zero by choosing the initial condition #c(O) =0 in NA. The first term is either equal to zero for a given initial con- where the prime denotes differentiation with respect to (&vc). The contribution to the right-hand side of (2) due to the terms corresponding to this element is given by The third term on the right-hand side of (12) gives the sensitivity component with respect to parameter (10) (zc. The fourth and fifth terms on the right-hand side of (12) can be written by using (13) and by noting that Gc(0) =0 as we may associate G with either &?c or PO, or R with bG or a!~.
1 For example, in the case of a junction diode governed by i = f, [exp (qj/KT) -11. I, being the reverse saturation constant, p and K being constants, and T the temperature, we may identify I, and q/(KT) with n and 0, respectively, in (3). A variation in I, corresponds to a variation in the parameter a, while a change in Twould cause a ch??ge in @.
-z [-~c~c~c"'(~c~~c(o)>vc(O)Jlco + (vc * +c,l (14) which gives the sensitivity component due to 0~.
Let us next consider a nonlinear VVT described as in Table I . A variation in the parameters CQV and &V gives Av, = A~,~vv(Pvvvr) + cy~vfw'@v~v&~Av~ , + avvfvv'@vvv~)wWvv and A;, = 0 where the prime denotes differentiation with respect to (&vv~). The contribution to the right-hand side of (2) due to the terms corresponding to this element is given by external ports for the -original (adjoint) network, while v, (&,) and v,(&) are, respectively, the voltage across (current through) interior elements and external ports for the original (adjoint) network.
Integrating (18) and ( 
If the corresponding element in NA is given by
then the first term in (15) is zero, and the second term gives the sensitivity component with respect to a!w. The last term in (15) can be written with the help of (16) as
which gives the sensitivity component due to prr. In a similar manner, the adjoint descriptions and the sensitivity components due to all the other elements can be found out, and they are listed in Table I . It is to be noted that all the different functionsf are assumed to be single valued and differentiable.
It should also be pointed out (Table I ) that the parameter symbols n and b are always associated with the current variables, while (Y and p are associated with the voltage variables; further, the symbol b is always associated with an independent current variable, while the symbol /? is associated with an independent voltage variable. These symbols have been chosen in this manner so that the invariant relationships to be derived in Section III 'may be written in a compact way.
III. SENSITIVITY INVARIANTS FOR NONLINEAR NETWORKS
Consider the general n-port network N defined in the previous section. Let NA be its adjoint. Let the network N be considered at time 4 and NA at time 7 = t -[. We know by Tellegen's theorem that 
currents Let the sensitivity of any response U with respect to a parameter pk be defined as (22) We shall now establish some sensitivity-invariant relations for two classes of nonlinear networks with different types of excitations and responses. We 
0
The right-hand side of (2) gives the contributions to this change Av,(t) due to the variations in the different parameters a's, cy's, b's, and p's of the network elements in Ni. These have already been tabulated in Table I . For example, the contribution due to the aG of a VCR is given by -5 (iG * $G).
Thus from (23) and (24) we have s =a 02 = _ uG% = -(i~*tiG).
(25) duG and the Current-controlled resistance "R-RfiR(bR$) VR(r)~RbRf;R(bR$t~))~R(t)
Voltage-controlled capacitance 4pcfVC(Bcvc) 9,(~)=;~,6&(6,v,ts)) 
92(T)=o
Voltage-to-voltage transducer "2=aWfW(6wvl) 91(t)=-~W6Wf'(6W"1(E)) Similarly, with respect to PC of a VCR, we have from Table I and (23) spc*2 = -(VG * 4G)*
The contributions due to the parameters of the other one-port nonlinear elements, namely VCC, QCC, FCL, and CCL, may be obtained using Table I in a similar manner.
It may also be seen from Table I and (23) that for a CCT (27) where the summation on the right-hand side of (27) extends over the two ports of the CCT in Nr and the corresponding adjoint element in NrA. Similarly, we may obtain the sensitivity components for VCT, CVT, VCG, CCG, HG, and IC.
Thus using (23) and Table I 
It should be pointed out that on the left-hand side of (28), only those elements in whose descripti0ns.a and/or b are present are included; further, the prime on the right-hand side indicates that the summation is only over such elements. Thus the VVT is not included. However, for a VVT, the following may be verified directly, using Table I : c (i, * &J = 0. 
P.
The right-hand side of (31) We may.also obtain, using (23) and Table I 
where now the left-hand side includes all the elements whose descriptions contain a and/or /3. Hence the CCT parameters cannot be included on the left-hand side of (33), and thus cc' does not contain the CCT elements. However, it again may be verified from Table I (37) port 2 due to a current excitation ir at port 1 of Nz, all P other ports being short circuited. Let port 2 of NzA be which need not be an invariant, in general. Hence we excited by an impulse voltage function6 (7), with port 1 have no invariance, in general, for the expression open and all other ports short circuited. Then it follows that the left-hand side of (2) becomes (38) Case 2: Current Response Due to Voltage Excitation
Let & denote the short-circuit current response at port 2 of Nr due to voltage excitation Q at port 1, all other ports being short circuited. Let port 2 of NrA be excited by an impulse voltage function 8(r), all other ports being short circuited; then the left-hand side of (2) can be written as
0 Following the same procedure as used in Case 1, we have, from the right-hand side of (2), (39), and Table I 
Thus from (40) and (41) Following the same procedure as in Case 1, and using the right-hand side of (2), (43), and Table I , we can show that c SnjllZ -c spju2 = c (v, * f&).
Again using (21), we have F (ve * 4,) = c (VP * 4,) = 29
. (46) 0 Following the same procedure as in Case 1, and using the right-hand side of (2), (46), Table I , and the excitation as well as the terminating conditions in N2 and NZA, we can show that c .srniiZ -c spji2 = 0. (47) We shall now establish similar sensitivity-invariant relations with different types of excitations and responses when the change in the response due to a change in the amplitude of excitation is also considered. 
Then the variation in VI due to a change in the amplitude VI of zlr is Av, = .Arrf(t).
Hence (48) may be written as Avz = -(AV,/Vd(vl * +I).
Thus &w = I -(v1* 41).
We also have, from (21) Hence from (52) and (35) Consider the open-circuit voltage response 02 at port 2 due to current excitation il at port 1 of Nl. If there is a small variation in the amplitude 11 of the excitation il= IIf( then it can be shown, following the same procedure as used in Case A. that Consider the circuit given in Fig. 1 , where the diode is described by il = a(e@"z -1).
Let VI be a dc excitation and let v2 be the response. Since the network may be conside.red as belonging to either class N1 or iVZ, relation (57)) as well as (61)) First let us consider the linear resistors as VCR's. Then we may identify G1 and Gz as al and a2 or fl1 and /32. In order to use (57), G1 and Gf will have to be identified with al and a2 and not with PI and &, since otherwise the left-hand side of (57) will not include the resistors (but at the same time, the summation is over all the elements of the network). Also, in order to use (61), G1 and Gz will have to be identified with & and pZ and not with al and a.2, since otherwise the left-hand side of (61) will not include the linear resistors.
Thus from (57) we get sop2 + so;2 + s,-Jz = 0 while from (61) we have
sv,v2 -SrJIU2 -s(&v2 -sp = v9 _.
If we now consider the linear resistors as CCR's, then we may identify RI and X2 with bl and bt or ~1 and (112. 
Of course, (67) and (65), as well as (6X) and (66), are the same.
(62) Now if iZ is the response, then (58) and (62) apply. Whether we consider the linear resistors to be VCR's or CCR's, they give rise to (63).
SG,iZ + S&i* + saiz = i? It may be verified directly that (65) holds by writing Kirchhoff's equation for the network as' GlVl = GA + a(e@"z -1) + Gzvz (71) then differentiating (71) with respect to Gr, Gz, and a, adding to obtain (GI + Gz + &+'~(SG p* + &;.1* + saq = 0 and finally by observing that G1+G~+a&flv2#0.
In a similar fashion, (68), (69), and (70) may be verified.
V. CONCLUSIONS
In this paper some sensitivity-invariant relationships have been established for certain classes of nonlinear networks with different types of excitations and responses.
We note that higher order sensitivity invariants for networks Nr and Nz may be established using the following re.lation proved in [lo] :
X k+l = $ pi 5 -kXk l.
where Xj denotes the sum of jth order sensitivities over the set of parameters (pi, i = 1, 2, + . . , n).
